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Abstract

We present theGlobalizeBVP  algorithm for the computation of two-dimensional
stable and unstable manifolds of a vector eld. Specically, we use the collocation
routines of Auto to solve boundary problems that are used during the computaion to
nd the next approximate geodesic level set on the manifold. The resulting implement-
ation is numerically very stable and well suited for systemswith multiple time scales.
This is illustrated with the test-case example of the well-known Lorenz manifold, and
with a slow-fast model of a somatotroph cell.

1 Introduction

Knowing global (un)stable manifolds of saddle points and ddle periodic orbits is important
for understanding the behaviour of a given dynamical systemFor example, stable mani-
folds may form the boundaries of basins of attraction if theystem exhibits multistability.
Furthermore, intersections between stable and unstable mi#olds typically lead to chaotic
dynamics. Generally, these global manifolds cannot be fadianalytically, so that techniques
are required for their numerical approximation. The compudtion of global stable and un-
stable manifolds has recently enjoyed renewed interest,dseveral new algorithms have been
developed; see [Krauskopt al., 2005] for a recent overview.

In this paper we present theGlobalizeBVP  algorithm for the computation of two-
dimensional (un)stable manifolds of saddle equilibria andaddle periodic orbits in ann-
dimensional vector eld. (In principle, our method works fo higher-dimensional manifolds,
but an implementation would need to deal with serious chalfges concerning the data struc-
ture for the manifold and its visualization.) The speci ¢ mdivation for the GlobalizeBVP
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algorithm comes from the need to compute (un)stable manifddé in systems with multiple
time scales. Such systems arise in many applications, inding neuroscience and the model-
ling of chemical reactions or electrical circuits. In its saplest form, the system has two sets
of variables that evolve on di erent time scales, one changy much faster than the others
| one also speaks of a slow-fast system; see, for example, filEs, 1995]. As a result of this
slow-fast nature orbits depend very sensitively on their itial condition, so that a small
perturbation in the initial condition may lead to a very large di erence over the entire orbit.
Hence, manifold computations that use shooting techniqués integrate the vector eld will
su er from computational problems for slow-fast systems.

The GlobalizeBVP  algorithm is based on the method from [Krauskopf and Osingd,999,
Krauskopf and Osinga, 2003]. It also computes approximatesgdesic level sets, the col-
lection of which represents the computed manifold, and ndig a new point on the next
geodesic level set is set up as a one-parameter family of bdary value problems. In
[Krauskopf and Osinga, 1999, Krauskopf and Osinga, 2003] wesed single shooting as a
boundary value solver, but this leads to numerical problemwhen investigating sensitive
systems. TheGlobalizeBVP  overcomes this di culty by using the collocation routines d
Auto [Doedel, 1981, Doedett al., 2000] for solving the boundary value problems. Further-
more, it usesAuto 's pseudo-arclength pathfollowing routines to follow thedutions. The
incorporation of the well-tested routines ofAuto makes the GlobalizeBVP  algorithm
very stable. In particular, this solves the problem of sensrity to initial conditions as the
size of a continuation step is measured over the whole orbm@ not just the initial condition.
As a result, GlobalizeBVP is indeed able to compute (un)stable manifolds in slow-fast
systems. This particular strength ofGlobalizeBVP s illustrated in Section 4 for a slow-
fast model of a somatotroph cell, for which the previous algthm that uses shooting breaks
down at a very early stage.

The GlobalizeBVP  algorithm is very similar in spirit to the ManBVP algorithm for
the computation of one-dimensional (un)stable manifoldsf@ xed point of a Poincae map;
see [Englandet al., 2005]. TheManBVP algorithm also uses the collocation and path-
following routines of Auto to continue the orbit segments that de ne the Poincae map.
The begin point is restricted to the part of the one-dimensimal manifold that has already
been computed. Hence, the other end point, which is restre to lie in the Poincae section,
traces out a new part of the manifold. The di erence withGlobalizeBVP lies in the set-up
of the family of boundary value problems that is continued;ee Section 2.1.

A di erent method that also uses continuation of a boundary alue problem inAuto for
the computation of two-dimensional (un)stable manifolds fovector elds is that by Doedel;
see [Krauskopfet al., 2005, Section 3]. His approach involves parameterisatiof the mani-
fold by orbits rather than by geodesic level sets. It followan orbit segment on the manifold
of, for example, a particular arclength, while one boundarpoint is allowed to vary along
a circle (or an ellipse) in the (un)stable eigenspace. Doddemethod is also very power-
ful in the context of slow-fast systems; see [Krogh-Madset al., 2004] for an application.
However, producing a nicely distributed mesh on the manif@would require post-processing.

This paper is organised as follows. In Section 2 we introdutiee GlobalizeBVP  al-
gorithm, where we focus in detail on the set-up and the linkon with the Auto routines.
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Its performance is demonstrated in Section 3 with the Lorenmanifold | the stable man-
ifold of the origin of the well-known Lorenz system. We thenh®w in Section 4 with the
example of the model of a somatotroph cell that th&lobalizeBVP  algorithm is indeed
able to compute (un)stable manifolds in a slow-fast systentinally, we draw conclusions in
Section 5.

2 The GlobalizeBVP  algorithm

In its abstract form, the GlobalizeBVP  algorithm is able to compute ak-dimensional
stable or unstable manifold of a saddle equilibrium or perghc orbit of an n-dimensional
vector eld. The current implementation computes two-dima&sional manifolds in a phase
space of any dimension. The main di erence between thl@lobalizeBVP  algorithm and
the method in [Krauskopf and Osinga, 1999, Krauskopf and @wa, 2003] is how the arising
boundary value problems are solved. This dierence is key tthe GlobalizeBVP  al-
gorithm's superior performance in the context of slow-fastystems.

To keep this exposition simple, we concentrate here on contpg a two-dimensional
unstable manifold W"(x) of a saddle equilibriumx, of the three-dimensional vector eld

x = f(x); (1)

wheref : R®! R3is atleastC? andf (xo) = 0. Hence, we assume thak, has two unstable
eigenvalues 1., with corresponding eigenvectors that span the unstable eigspaceE"(xo).
The unstable manifold ofxg, is de ned as

WU(xg)= Xx2R"j"'(x)! xpast!1 ;
where' tis the ow of (1). Similarly, the stable manifold of x, is de ned as
WS(xg)= X2 R3}j'Y(x)! xpast!l

According to the Stable and Unstable Manifold Theorem [Padiand de Melo, 1982W"(x,)
and W?3(x,) are smooth manifolds that are tangent atxy to EY(Xo) and ES(xg), respect-
ively. Furthermore, they are invariant under the ow '!. Throughout this paper we use
the convention that WY(xo) is red and W*3(Xp) is blue. When the direction of the ow is
reversed by putting a minus sign in front of (x) the stable manifold and unstable manifolds
interchange their roles. Therefore, it su ces to present tle algorithm for the computation
of W!(xg) only.

We start the computation from a disc inEY(Xp) centred at xo with a small radius . A
mesh ofN equally-spaced points is chosen on the boundary of this disehich forms a closed
curve C that is an approximation of the geodesic level set dW"(x,) at distance from X,.
The algorithm now grows the manifold by adding new approxintaons of geodesic level sets
at larger distances fromx,.

Let the last computed geodesic level set be denoted By and suppose that we wish to nd
the next geodesic level s&t,, at a distance from C,. For each pointry, on C, we wish to nd
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‘ H N ‘ ‘ min ‘ max ‘ ( )min ‘ ( )max ‘ min ‘ h ‘
Lorenz system 2001.0/03 |04 |01 1.0 04 |20
Somatotroph model|| 20| 5.0/ 0.3 | 0.4 | 0.05 0.5 0.01 | 2.0

Table 1: Accuracy parameters as used in the examples of therenz system in Section 3
and the somatotroph model in Section 4. Herdl is the number of meshpoints on the rst
geodesic level set, which is a circle aboug of radius ; the angle and the product are
constrained to lie in [ min; max] @nd [( JImin; ( Imax], respectively. We always accept a
level set at distance ., and | is the maximal distance between neighbouring mesh points
on the same geodesic level set; see [Krauskopf and Osing®9] %or details.

the point by on C, that lies closest tor. To this end, we de ne a planeF,, (approximately)
perpendicular toC; at ry. The (unknown) intersection W"(xo) \ F |, is a one-dimensional
curve that is (locally) well de ned. Note that any point in W"(xo) \F ., lies on an orbit that
passes througlC, since, by de nition, orbits on WY(x,) come fromx,; see already Figure 1.
We nd by 2 F,_ atdistance from ry as the boundary point of such an orbit segment
that has its other boundary point on (the piecewise linear ggoximation of) C,. The new
point found on the next geodesic level sdiy is then tested against the standard accuracy
criteria as explained in [Krauskopf and Osinga, 1999, Krakgpf and Osinga, 2003]. Namely,
we restrict the maximal allowed angle between points on three successive geodesic level sets
and the product . This maintains a good resolution of the manifold; iby is not acceptable
then the geodesic level set currently being computed is disded and is reduced. If all
points on Cy, are found and acceptable then the geodesic level set is addedhe manifold.

Geodesic level sets are added until a prescribed geodesatatice is reached. As more
geodesic level sets are added, the mesh may need to be adamech that points are
added/removed as required to maintain a good resolution ohé surface. We refer to
[Krauskopf and Osinga, 1999, Krauskopf and Osinga, 2003} fdetails but emphasize that
interpolation is always performed only on the geodesic ldwset C,, where mesh points are
never more than a prescribed distance ,, apart. This ensures that the overall accuracy is
controlled. The user-speci ed accuracy parameters for trexamples in this paper are shown
in Table 1.

2.1 Family of boundary value problems

The crucial step in the GlobalizeBVP  algorithm is the solution of the boundary value
problem. In [Krauskopf and Osinga, 1999, Krauskopf and Ogja, 2003] orbit segments are
found by single shooting and then bisection is used to obtae point at distance . Here,
we solve boundary value problems by collocation and in comnlaition with pseudo-arclength
continuation.

Speci cally, we seek orbit segment§x(t);0 t Tgfor someT 0, that satisfy both
the vector eld such that x(0) lies on the computed approximation of the previous geoslie
level setC,, and x(T) 2 F,,. There exists a whole family of solutions, parameterised by
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T, starting with T = 0 and the solution x(t)  rx. Our goal is to continue this starting
solution for T > 0 whereT is such that the associated solution has the additional prepty
JjX(T) ryjj = . To this end we rescale the vector eld (as is common inAuto ) to

ut) = TF(u(v); (@)

whereu(t) = x(tT), 0 t 1 is the rescaled solution. Now the boundary value problem is
always restricted to the interval [0,1] so that we have the hdary conditions

u@ 2 Gy 3)
ud) 2 Fy: (4)

The point by is determined by continuation in the parameterT, where we monitor the
distance
= ku(l) r¢k

between the end boundary poinu(1) and the meshpointr,. The continuation starts from
the trivial solution u(t) = r,, 0 t 1 with T =0. As T increases, we monitor 1 until

the required distance is reached, which is detected as a zerf a user-de ned function in
Auto ; see already Section 2.4.

During the continuation, as the integration time T increasesu(0) varies along the linear
segment between two mesh points on the geodesic level Ggtand u(1) traces out the local
intersection of WY (xo) with F,, until it lies at distance from the base point ry. Note that
locally nearry, u(0) only varies along segments that lie on one side &f,. We decide at
which side to start the continuation by assessing the direin of the vector eld at ry. Let
us assume that, initially, u(0) traces along the segment between, ; an r.

Figure 1 illustrates several cases for the local behaviouf the family of solutions of
(2){(4). Panel (a) shows the simplest typical case: as a cantation step is made, the
integration time T increases fromT = 0 and u(0) moves along the line segment between
r« 1 andry. The endpointu(1) also moves away fronty in F, tracing out the intersection
of WY(xo) with F, . The continuation stops as soon ag(1) lies at from ry. In Figure 1
this happens beforeu(0) reaches the end of the line segment( 1;ry). If u(0) = ry ; and
still ku(1) r¢k < , the boundary condition (3) is reset such that u(0) now lies on the
next segment (x »;r¢ 1), and so on. Panels (b) and (c) show more complicated casesemh
tangencies withC, or F,;_occur. These are explained in more detail in the next section

2.2 Tangencies of orbit segments

The continuation of the boundary value problem inAuto is not only very accurate, but also
deals e ectively with two potential problems illustrated in Figures 1(b) and (c). Figure 1(b)
shows the case when the ow becomes tangent Eg, . Up until the tangency, the situation
would be as in Figure 1(a). Asu(1) moves through the tangency the orbit gains an extra
intersection with F, . During the pseudo-arclength continuation ofAuto this happens
automatically while u(0) moves backward towards . In fact, it is possible that u(0) moves
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(b)

Figure 1: An illustration of nding a new point at distance f rom a point ry on the geodesic
level setC, in the GlobalizeBVP  algorithm. The boundary value problem is formulated
such that u(0) lies on the line segment between, and ry ; and u(l1) lies in F,, . Panel (a)
is the simplest case, panel (b) shows the case when the ow beees tangent toF,,, and
panel (c) shows the case when the ow becomes tangent @; note that in panel (c) u(0)
passes throughry 4, after which boundary condition (3) is reset to the line segent between
re 1andry ».
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all the way back tory, in which case the continuation switches to the line segmefty; rg+1)
on the other side ofF,, .

In Figure 1(c) another possible situation is illustrated, amely that the ow becomes
tangent to C,. Now, the endpointu(1) 2 F,, of the orbit segment initially moves back along
the manifold that has already been computed. Ag(0) passes the tangency point og,, the
endpoint u(1) changes direction and the computation continues untii(1) is at distance
from ry in the correct direction. Hence, it is important to include asign when measuring
ku(l) r¢k, becauseu(l) may be at distance from ry but in the wrong direction on a
band of the manifold already computed; see also Section 2.4.

The method in [Krauskopf and Osinga, 1999, Krauskopf and Ogja, 2003] already deals
with the two tangency situations above, but not in an optimalway. In particular, a tangency
has to be detected and the initial value solver adjusted to aount for the additional inter-
sections withF,,. The GlobalizeBVP  implementation does not require any detection of
such tangencies, as the orbit segments move through them tionnously. The case shown
in Figure 1(c), where the direction in whichku(1) r¢k is measured changes as one moves
through the tangency, typically occurs wherxy has a complex conjugate pair of eigenval-
ues. Due to the spiralling of the orbits,u(0) may trace out such a long part ofC,, that
a segment other than €k 1;rx) and (ry;rx+1) is reached which also intersect&,,. This
causes serious problems with the shooting method used in fKiskopf and Osinga, 1999,
Krauskopf and Osinga, 2003], while the continuation il of the GlobalizeBVP  imple-
mentation is not a ected at all. Note that we do not require the ow to be directed outward
as is required for the method of [Guckenheimer and Worfolk993].

2.3 Boundary Conditions

In order to restrict the begin point u(0) to a linear segment onC, in n-dimensional space,
and monitor its position along this segment, we need boundary conditions.
Let us assume that we wish to restricu(0) to the line segment,

L()= ri++(2 )ri; O 1

and require the boundary conditions
u@© Li()=0; 1 j nm

where u(0) = [u1(0);:::;un(0)]. The position of u(0) is then given by the value of .
However, with every step in , all n boundary conditions change and if the solution is
corrected to satisfy one, then the others will typically als change.

Therefore, our implementation usesi 1 boundary conditions to restrictu(0) to the
segmentL( ) and one to X its position on L( ) as a function of the parameter . This is
illustrated in Figure 2 for n = 3, where two orthogonal planes, , and 3, intersect along the
line segmentL ( ) between the two mesh points; ; andr; onC,. In general, the rstn 1
boundary conditions restrictu(0) to (n  1)-dimensional hyperplanes that are de ned using



England, Krauskopf & Osinga Computing global manifolds inlew-fast systems 8

Figure 2: An illustration of the boundary condition set-up D restrict u(0) to the line segment
L( ) for n = 3. Two planes, , and s, intersect orthogonally alongL( ). The boundary
conditions minimise the distance oti(0) from both , and 3 independent of the parameter

an orthogonal basis of normal vectors that span the orthogahcomplement of the direction
L( ). Then these boundary conditions only depend on andr; ;, but not on

The case fom = 3 is straightforward. We set up a coordinate system of threerthonormal
vectorsvq, Vo, Vi3, wherev, is de ned as the unit vector fromr; to r; ;. The vectorsv,
and v3 that span the orthogonal complement are found by computingpgropriate cross

aligns with v;. Note that there is some freedom' in how the basis is chosdnt the choice
is not important in the execution of the algorithm.
We restrict u(0) to the line segmentL( ) by enforcing the boundary conditions

hu() ri);vii=0; 2 j n;

whereh; i denotes the dot product.
The nth boundary condition restricts u(0) to a point on L( ). We can de ne the actual
distance of a point alongL( ) as

_ ) rijvai,
- krisg rik

which gives rise to the third boundary condition

T =0:
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NDIM, dimension n
NBC, boundary conditions: n+1
restriction u(O)toL( ) |n 1
distanceu(0) on L( ) 1
restriction u(1) to F,, 1
NICP, free parameters:T and 2
| NBC NDIM+1 NICP=] 0 |

Table 2: The number of boundary conditions and free parameterequired by Auto for a
well-posed boundary value problem.

The parameter is a free parameter, which means that in each continuationegp the orbit
is corrected such that 1 =
Only one boundary condition is required to restrictu(1) to the plane F,,. Namely,

hu(l) rg+ ve;ni =0;

where,
A = fker Tk 2
Krien e 1K

is the normal of the planeF,, andve is an arbitrary vector in F,,. We useve =(r, ri") N
for n = 3. The vector vg is needed to ensure that the dot product is zero only when
u(l) 2 F,, . Note that, initially, we start with u(t) r¢ and thusu(l) r¢ = 0. Without
Ve the boundary condition would then be satis ed automaticaly; Auto cannot start from
such a degenerate solution.

The total number of boundary conditions and parameters forhis continuation problem
is summarised in Table 2. The boundary value problem is welloged if the number of
free parameters (NICP) equals one plus the dierence betwedhe number of boundary
conditions (BCN) and the dimension (NDIM). That is, NICP =NBC NDIM + 1. In our
implementation, the free parameters are always the periofl and the distance along the
respective line segment of; .

2.4 User-de ned functions

We de ne user-de ned (UZ) functions to monitor speci ¢ quartities, so that we can switch
to a new segment as soon ag0) reachesr; or ri;;. Furthermore, we wish to monitor the
distance between u(1) and ri. As mentioned in Section 2.1 we must track which side of
C, the end point u(1) is on. Hence, we cannot simply monitor

ku(@) rk:
Instead, we de ne
hveu(l) i

UZ(0) = ku(D) ek ot s

(5)
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Figure 3: Data of the computation of ve geodesic level setd the Lorenz manifold up to
geodesic distance:85. The computed geodesic level sets of the manifold are shaw blue
and each of the point on the geodesic level set is an endpoiritaocomputed orbit segment
(shown in light purple).

wherev, = ry rl", is a vector that points away from the part of W!(x,) computed so
far. Note that (5) is not de ned at the start of the continuation, but this does not a ect
the computation; as soon as one continuation step is made,) (bas a value. We are only
interested when UZ(0) = and so for computational purposes,it does not matter if UZ(0)
is unde ned away from .

We also require user-de ned functions to monitor the distate at which u(0) lies
alongL( ). If =0or =1 then we need to stop and reset the continuation along
the next/previous segment as required. Hence, we de ne

Uz(1) ; (6)
uz(2) 1: (7)

If (5) holds, we check the accuracy condition for the candida by = u(1). If either (6) or
(7) hold, we switch segments and sdt( )= r; ;+(1 JriorL( )= rixp +(1 Wiz,
respectively.
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3 The Lorenz manifold

To demonstrate the GlobalizeBVP  implementation we compute the stable manifold of
the origin in the well-known Lorenz system [Lorenz, 1963],hich is de ned as

x = (y X
y = x y xz (8)
zZ = xy z

We use the standard values for the parameters: =10, =28 and = 8=3. The compu-

tation of the two-dimensional stable manifold of this syste, called the Lorenz manifold, is
widely used as a benchmark with which to compare manifold cqmtation algorithms; see
[Krauskopf et al., 2005].
The origin X, is a saddle equilibrium with two stable eigenvalues$ 22828 and
5= 2:667 and an unstable eigenvalue  11:828. The two stable eigenvalues have
corresponding eigenvectors that span the stable eigenspdt®(Xg). The stable eigenvector
associated with 3 lies on thez-axis which is, in fact, invariant under the ow.

Figure 3 shows the orbits (light purple) used in the computatn of the rst ve geodesic
level sets (blue) of the Lorenz manifold up to geodesic distee 875. For the accuracy
parameters used in this calculation see Table 1. All pointsnothe computed manifold are
end points of orbit segments whose beginning points lie oniad segment between two points
on the previous geodesic level set. Note that theaxis is the vertical line through the origin
in this picture. One can clearly see that many initial condibns start very close to thez-axis
due to the strong stretching transverse to this axis; on puigse, the mesh points oil€ were
taken to lie o the z-axis.

Figure 4 shows four views of the orbits used in computing theokenz manifold up to
geodesic distance 100.75. Panels (a) and (b) show two praieas of the entire manifold
and panels (c) and (d) show two enlarged views. Notice in pan@l) how the ow is nearly
tangent along parts of the outer geodesic level sets.

Figure 5 shows some of the orbit segments used in the contitioa to nd a particular
new point on the next geodesic level set of the Lorenz manidplcompare Figure 1(a) and
(c). The planeF,, is shown in green and the computed approximate geodesic lesets are
shown by blue lines. As before, the orbits used in the contiation are light purple. Panel
(a) shows real data of the case illustrated in Figure 1(a). Tén beginning boundary point
u(0) is varied from the base pointr, rstly along the line segment betweenr, ; and r.
When it reachesry ; the boundary conditions are changed such that(0) then varies along
the line segment betweemy , and ry 1 until u(l) lies at distance from ry in F,,. This
nal, accepted orbit is shown in black and its endpoint is tefed for accuracy to be added
to the manifold. Notice how the orbit segments are closer tether asu(0) approachesy ;
this is due to the convergence toward the user-de ned funcn (6) in the continuation.

Panel (b) of Figure 5 shows computed orbit segments for the sm illustrated in Fig-
ure 1(c). Initially, as u(0) varies alongC;, the endpointu(1) moves in the "wrong direction'
over a part of the manifold that was already computed. Asi(0) moves through a tangency
point of the ow with C, (marked by a black dot), the direction in whichu(1) is moving
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(a) (b)

() (d)

Figure 4. The orbit segments (light purple) used in computig the Lorenz manifold up to
geodesic distance 100.75. The approximate geodesic lee¢d sire shown in blue. Thez-axis
is the vertical axis in the middle of panels (a){(c).
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Fr,
(a)
by = u(1)
Ne 3 Ne 2
u©) Tk 1
%
C
W2(Xo)
(b)
u(0)
Fr
by = U(l)
C
W2(Xo)

Figure 5: Data of the orbit segments used in the continuatioto nd a new point on the
Lorenz manifold. The black orbit has its end boundary point edistance from the point on
the previous geodesic level set. Panel (a) shows the simpteation sketched in Figure 1(a),
and panel (b) a tangency withC, as was sketched in Figure 1(c).
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Figure 6: The Lorenz manifold computed up to geodesic diste@ 161.75 with theGlobal-
izeBVP implementation shown from the same view as in [Krauskogit al., 2005].

changes and the continuation progresses until(1) is at distance from r¢. Again, the nal
orbit is shown in black.

Figure 6 shows the Lorenz manifold computed with th&lobalizeBVP  algorithm up to
geodesic distance 161.75. The colour of the geodesic leets$ $s alternated to demonstrate
how the manifold is grown. Previously, it could only be comped up to a geodesic distance
154.75, when the computation stopped; for example, see [ and Krauskopf, 2002] for
illustrations and animations. This appears to happen beenué to inaccuracies of the single
shooting implementation for solving the boundary value pigems. This is now con rmed
by the fact that the GlobalizeBVP  algorithm can compute the Lorenz manifold further.
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Figure 7: Bifurcation diagram ofV versusCa for the somatotroph model (9). Stable equi-
libria are shown in blue and saddle equilibria are in dark gem. The saddle periodic orbits
are light green; both maximal and minimal values of the perttic orbits are drawn. The

dashed grey lines indicate the parameter valugda = 0:55,Ca = 0:71672 andCa = 1:0 for

Figures 9{11.

4  Somatotroph cell model

The somatotroph model is a three-dimensional system dedwrig the voltage potential across
the cell membrane of a neuro-endocrine cell depending on ty@ening and closing dynamics
of certain gating variables. The model in so-called fast sapstem form is given as

8

% ?j_\t/ al [lca(Vim) + 1 (V;in)
+lkca(V;Ca + IL(V)];
dm _ my (V) m. 9)
ja
dn _ ng (V) n
S 7n’

Here V is the voltage andm and n are the gating variables representing probabilities
that ionic channels are open. The functionsca, Ik, lkca, IL, My, and n; are com-
plicated expressions involving many parameters that are hed to experimental data; see
[Osinga and England, 2005] for further details. The dynanscis organised by the modu-
lation of the Ca concentration in the cell. This concentration changes rdiaely slowly
compared to the other variables, and in the fast subsystem rdel Ca is considered a xed
parameter in the system. The fast subsystem still operates@wo di erent time scales. The
variation of the voltage V is about 300 times faster than the variation of the gating var
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Figure 8: A two-dimensional sketch of the cases before (a},(h), and after (c) the homoclinic

bifurcation. In each panel, the saddle equilibrium is indi&ted by a green dot and the stable

equilibria by blue dots. The unstable manifolds are projeans of the real three-dimensional

unstable manifolds, in red, and the stable manifolds are skbes, in blue. The periodic orbit
is the green closed loop in panel (c).

ablesm and n. This causes serious sensitivity in the numerical integratn of the systems,
which greatly a ects the computation of the manifolds with the shooting-based method of
[Krauskopf and Osinga, 1999, Krauskopf and Osinga, 2003].

The bifurcation diagram in Figure 7 shows that for very smallCa-values there is only
one equilibrium, the so-called depolarised statey and it is stable. At Ca 0:335 a saddle-
node bifurcation (denotedSN) occurs that gives birth to a saddle equilibriunxs and another
stable equilibrium, the hyperpolarised statex;,. At Ca 1:919 a subcritical Hopf bifurcation
(denotedH) occurs that gives rise to periodic orbits of saddle-type. #Ca is decreased from
the Hopf bifurcation, the saddle periodic orbit grows until it is destroyed in a homoclinic
bifurcation at Ca 0:71672. At this value, the one-dimensional unstable manitbMW"(xs)
of X5 is entirely contained in its two-dimensional stable manifid W=*(xs). This homoclinic
bifurcation is well known in planar systems of this type; sedor example, [Sherman, 1997],
but note that, here, the Hopf bifurcation is subcritical ingead of supercritical.

System (9) is investigated in [Osinga and England, 2005] byeans of computing one-
dimensional manifolds of saddle periodic orbits in a suitéd Poincae section with theMan-
BVP algorithm of [England et al., 2005]. Here we compute relevant two-dimensional stable
manifolds with the GlobalizeBVP  algorithm. Due to the large di erence in ranges between
the variables (V varies at least between 70 and 10mV, while m and n are by de nition
contained in [Q 1]), we use a weighted norm in the computations such that alhe variables
are of order 1. More preciselyn is multiplied by a factor of 100, andn is multiplied by 500.
This is important when we consider the geodesic distance ihg computations.

Let us rst compare the situation as sketched in Figure 8 in awo-dimensional represent-
ation with the situation given in [Sherman, 1997, Figure 18]. The unstable manifolds (red)
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in Figure 8 are projections of the real data, while the stablenanifolds (blue) are sketches
for the two-dimensional case. Panel (a) shows the case f©a < 0:71672, where one branch
of the unstable manifold spirals into the stable equilibrim x4 and the other branch goes to
Xn. The stable manifold WS(xs) separates the basins of attraction okyq and x;,. Panel (b)
shows the situation at the homoclinic bifurcation: the basi boundary ofxq4 is now given by
only one of the two branches oW 3(xs), namely the branch that is homoclinic toxs. Note
that the branch of W"(x;) that converged toxy now goes toxs. This branch coincides with
one branch ofW?3(xs) such that points on it tend toward X in both forward and backward
time. Panel (c) shows the case fo€a > 0:71672; both branches o#V"(xs) now converge to
Xy and WS(xs) no longer separates the two basins of attraction, but spitg in around the
saddle periodic orbit . Only points inside tend toward Xg.

In three dimensions the picture is more complicated. In Figes 9{11 we consider the
three situations before, approximately at, and after the hmoclinic bifurcation, respectively.
Speci cally we chooseCa=0:55,Ca=0:71672 andCa = 1:0 as is indicated by the dashed
grey lines in Figure 7. In Figures 9{11 we show the stable andstable manifoldsw?s(xs) and
W!(xs) of the saddle equilibriumxs and the stable manifoldW?*() of the saddle periodic
orbit (when it exists, that is, for Ca= 1:0). Each gure shows the same two views in the
right and left columns. In the top row the two-dimensional maifold W*(x;) is a shaded
rendering, while in the bottom row it is rendered semi-trargarent. The coloring ofW?3(Xs)
changes from dark blue to light blue to help convey its thredimensional geometry. For the
accuracy parameters used in these calculations see Table 1.

Figure 9 shows the situation before the homoclinic bifurcatn, namely forCa  0:55.
The two-dimensional stable manifold/V*(xs) is the separatrix between the basins of attrac-
tion of x4 ( 107797658561064) andx,, ( 588535:6190:171). The saddle equi-
librium xs lies approximately at ( 34:225 31:674 3:684) with eigenvalues 3 402905,

3 45273 and Y 75450. Figure 9 showsy, Xs, X, the one-dimensional unstable
manifold WY(xs) in red, and the two-dimensional stable manifoldV*(xs) in blue | com-
puted up to geodesic distance 269.5 witlslobalizeBVP . We remark that the shooting-
based method in [Krauskopf and Osinga, 1999, Krauskopf andsidga, 2003] was only able
to compute this manifold up to geodesic distance 57. In facbur computation did not break
down but was simply stopped at geodesic distance 269.5 oncgod impression of the geo-
metry of W*(xs) was obtained. From the applications point of view, the sitation in Figure
9 is as follows. One side alV'(xs) goes to the hyperpolarised state;, (lower blue dot) and
the other spirals into the depolarised statexy (upper blue dot). The space inside the part
of W3(x,) that is “folded over' is the basin of attraction ofxy; compare with Figure 8(a).

Figure 10 shows the situation at the homoclinic bifurcationfor Ca  0:71672, when there
is a unique orbit that tends to x5 in both forward and backward time, which is in fact one
branch of WY(xs). Here, xq = ( 11:996 74718 53367) andx,, = ( 61416 4:589 0:124);
the saddlexs = ( 30:883 37.973 5:570) has eigenvaluesi, = 480119 43175and "=
91:824. We computedW s(xs) with GlobalizeBVP  up to geodesic distance 158.125 when
it returns to Xs; the shooting-based method was only able to comput¥ *(xs) up to geodesic
distance 53. The fact thatW'(x;) indeed lies onW3(xs) within the resolution of the image
demonstrates the accuracy of the computation.
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() (b)
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Xh
W=(Xs)
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Xd W (xs) y
XS Xh
Xh
WS(Xs)

Figure 9: The stable and unstable manifolds/V3(xs) and W"(xs), of the saddle equilibrium
Xs for the somatotroph cell model withCa = 0:55. Panels (c) and (d) show the same views
as panels (a) and (b), respectivelyWV=>(xs) is drawn semi-transparent to showky and W"(xs)
inside the fold.
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(c) (d) WY(xs)
Xg WH(xs) Xq
WS(xs)
Xs Xs
Xh X
W*(xs)

Figure 10: The stable and unstable manifold&y/3(xs) and WY(xs), of the saddle equilibrium
Xs for the somatotroph cell model withCa = 0:71672 where<s has a homoclinic orbit. Panels
(c) and (d) show the same views as panels (a) and (b), respeelly; W*3(Xs) is drawn semi-
transparent to showxy and howW"Y(xs) returns to Xs.
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(a) (b) WH(xs)
WH(xs
W?3(xs)
Xh
W?3(xs)
(©) (d) WH(xs)
WH(xs)
W=()
ws() T X
Xs
Xh Xh
WS(Xs)
W?3(xs)

Figure 11: The stable and unstable manifold&y/s(xs) and WY(xs), of the saddle equilibrium
Xs and the stable manifoldW3() of the periodic orbit for the somatotroph cell model
with Ca=1:0. Panels (c) and (d) show the same views as panels (a) and (lgspectively;
WsS(x,) Is drawn semi-transparent to show andW?3(). Notice how W?3(xs) wraps around
Ws().
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Finally, Figure 11 shows the situation forCa = 1:0, that is, after the homoclinic bi-
furcation when a saddle periodic exists. We computed the able manifolds of bothxg
and . Here, x4 = ( 1289573278 48244) andx,, = ( 62674 4:151;0:106); the saddle
Xs =( 2893541874 7.088) has eigenvaluesi, = 528867 41294 and " =98:579. In
Figure 11W3(xs) is computed up to geodesic distance 168, while the left anigjint branches
of WS() are computed up to geodesic distances 102 and 145, respeely. (We remark
that global manifolds of periodic orbits can be computed wht GlobalizeBVP  in the same
was as those of saddle equilibria. The dierence lies in thdast data that is used; see
[Krauskopf and Osinga, 1999, Krauskopf and Osinga, 2003] fdetails.) By contrast, the
shooting-based method could computed these manifolds onlp to respective geodesic dis-
tances of 53, 38.6 and 70.8. Notice how the right branch @f°() in Figure 11(b) and (d)
seems to get "pressed down at' and “close up'. This causessimag problems that indicate
the need for an adaptive mesh along the geodesic level sethjclv is not implemented at
the present. The important di erence with Figure 9 for the aplication is that the unstable
manifold W"(xs) now “escapes' over the folded part oV3(xs), so that both branches of
W!(xs) end up at the hyperpolarised statex;,. This situation corresponds to the case shown
in Figure 8(c), but there is an important di erence. In Figure 8(c) acts as the boundary
of the basin of attraction of x4 and W3(xs) spirals in around . In three dimensions the
boundary of the basin of attraction ofxg is, in fact, the stable manifoldW?*( ) of the periodic
orbit ; the stable manifold W?3(xs) of the equilibrium xs “wraps around'Ws(). In other
words, if one wants to reach the hyperpolarized state by apphg a perturbation then one
needs to know the global stable manifol#Vs() | knowing only is not enough.

5 Discussion and conclusions

The GlobalizeBVP  algorithm presented here useduto routines to nd and continue
solutions of boundary problems needed in the computation af collection of geodesic level
sets as an approximation of a global (un)stable manifold. Ithis way, it overcomes is-
sues of sensitivity with the previous shooting-based mettof [Krauskopf and Osinga, 1999,
Krauskopf and Osinga, 2003]. Furthermore, our method deasiccessfully with possible tan-
gencies of orbit segments during a computation, which is aalkenge for the shooting-based
approach. As a result,GlobalizeBVP is able to compute global (un)stable manifolds in
di cult circumstances, such as when dealing with a multipletime scale system. As was
demonstrated with a slow-fast model of a somatotroph cell,lapal manifolds can now be
computed substantially further than before. This makesGlobalizeBVP  a new tool for
the study of the global dynamics of slow-fast systems.

Because the accuracy of the boundary value solver can be sm@ecindependently, the er-
ror control of GlobalizeBVP is the same as for the method of [Krauskopf and Osinga, 1999,
Krauskopf and Osinga, 2003]. The user needs to specify them@accuracy parameters be-
fore a calculation. Upon reduction of these accuracy paratees the computed manifold
converges to the real object in the Hausdor metric. The comytational cost is somewhat
larger than for the shooting-based method. However, the derence is smaller than one
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might think, because most computation time for the shootindgpased method goes into the
integration of the vector eld, which is performed by colloation in the GlobalizeBVP
algorithm.

Having solved one major di culty, the computation sometimes stops because of problems
with the mesh adaptation due to large local curvature. Thisa@uld be overcome by adjusting
the heuristic criteria for adding and removing points durig a computation. The further
re nements of the meshing strategy are beyond the scope ofigsipaper. We expect that the
use of theGlobalizeBVP  algorithm for other concrete (slow-fast) systems will givenore
insight into this issue.

The present implementation is for two-dimensional global anifolds, but the set-up and
link with Auto routines works, in principle, fork-dimensional manifolds for ank 2. How-
ever, representing a three- or even higher-dimensional mimd by an appropriate collection
of tetrahedra or higher-dimensional simplices and an assated data structure is a major
challenge. Furthermore, the question arises how such a mfmhil could be visualized to ex-
tract useful information from such a computation. Note that in this respect, it does not di er
from other manifold "growing' techniques, such as those aeibed in [Krauskopfet al., 2005].
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